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TAMENESS OE RIEMANNIAN LOCALLY SYMMETRIC 
SPACES ARISING FROM ANOSOV REPRESENTATIONS 

OLIVIER GUICHARD, FANNY KASSEL, AND ANNA WIENHARD 


Abstract. We construct compactifications of Riemannian locally sym¬ 
metric spaces arising as quotients by Anosov representations. These 
compactifications are modeled on generalized Satake compactifications 
and, in certain cases, on maximal Satake compactifications. We deduce 
that these Riemannian locally symmetric spaces are topologically tame, 
i.e. homeomorphic to the interior of a compact manifold with bound¬ 
ary. We also construct domains of discontinuity (not necessarily with a 
compact quotient) in a much more general setting. 


1. Introduction 

Any discrete subgroup A of a semisimple (or reductive) Lie group G acts 
properly discontinuously by isometries on the Riemannian symmetric space 
X = G/K of G. The quotient space M = A\X is a Riemannian locally sym¬ 
metric orbifold, which is noncompact except if A is a uniform lattice in G. 
When M has finite volume (i.e. A is a lattice), compactifications of M have 
been well studied: see [BJ06] for an overview of various compactifications 
with their properties and uses. When M has infinite volume, compactifica¬ 
tions of M have been mainly studied in the case that G has real rank one, 
i.e. that X is a negatively curved manifold. In this case, compactifications 
of M have been constructed for geometrically finite representations (see [Ji05, 
Prop. 3.5], based on [AX04, Th. 6.5]). Recently there has been a growing in¬ 
terest in Zariski-dense subgroups of semisimple Lie groups, also of higher 
rank, which are not lattices, i.e. for which M has infinite volume. However, 
when G has higher real rank and A has infinite covolume, compactifications 
of M are not well studied, and very little is known. 

In this paper we construct compactifications of M when A is the image of 
an Anosov representation. When G has real rank one, the images of Anosov 
representations are exactly the convex cocompact subgroups; when G has 
higher real rank, images of Anosov representations provide a meaningful 
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generalization of convex cocompact subgroups [LabOG, GW12, KLPa, KLPb, 
KLPc]. 

Theorem 1.1. Let X = G/K be a Riemannian symmetric space, where G is 
a noncompact real semisimple Lie group and K a maximal compact subgroup 
of G. Let T be a word hyperbolic group and P a proper parabolic subgroup 
of G. For any P-Anosov representation p E Hom(r,G), the Riemannian lo¬ 
cally symmetric space p{T)\X admits a compactification which is an orbifold 
with corners, locally modeled on a generalized Satake compactification of X. 

We introduce generalized Satake compactifications in Appendix A (Defi¬ 
nition A. 6). They provide a natural extension of the class of Satake com¬ 
pactifications, which satisfies the functorial property that the closure of a 
totally geodesic subsymmetric space Y C A in a generalized Satake com¬ 
pactification of A is a generalized Satake compactification of Y. This is not 
true for Satake compactifications. In Theorem 1.1 the generalized Satake 
compactification dominates (i.e. admits a continuous G-equivariant map to) 
the maximal Satake compactification of A. 

For specific Anosov representations, we can improve Theorem 1.1 and con¬ 
struct a compactification modeled on the maximal Satake compactification 
of A. 

Theorem 1.2. Let X = G/K he a Riemannian symmetric space where G is 
a noncompact real semisimple Lie group. Then there exists a maximal proper 
parabolic subgroup P of G such that for any word hyperbolic group P and any 
P-Anosov representation p : P —)■ G, the Riemannian locally symmetric space 
p(r)\A admits a compactification which is an orbifold with corners, locally 
modeled on the maximal Satake compactification of X. 

For more precise statements, we refer to Theorem 5.6 in the case that G 
is simple and Theorem 5.8 in the general case. 

Remarks 1.3. (1) If P'is a parabolic subgroup of G contained in P, then 

any P'-Anosov representation p : P —?■ G is P-Anosov. In particular, 
Theorem 1.2 applies to any P'-Anosov representation with P' <Z P 
(for instance to any Pmin-Anosov representation where Pmin is a min¬ 
imal parabolic subgroup of G). 

(2) For Anosov representations p : P —)• 0(6) (resp. 0(6c)) into the 
orthogonal of a nondegenerate real (resp. complex) symmetric bilin¬ 
ear form 6 (resp. 6c), we actually construct compactifications of the 
Riemannian locally symmetric spaces that are modeled on a mini¬ 
mal Satake compactification: see Theorems 4.1 and 5.9 for precise 
statements. 

(3) In the preprint [KL], Kapovich and Leeb construct, by a different 
method, compactifications modeled on the maximal Satake compact¬ 
ification for Riemannian locally symmetric spaces arising from any 
Anosov representation. They also prove a converse statement: if a 
subgroup A of G is uniformly Tmorf-Legular (a uniform version of the 
notion of P^-divergence to be found below in Section 3.1) and if the 
locally symmetric space A\A admits a compactification modeled on 
the maximal Satake compactification of A, then the group A is word 
hyperbolic and the inclusion of A in G is Pg-Anosov. 
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The compactifications of M = A\X that we construct in Theorems 1.1 and 
1.2 and their refinements (Theorems 4.1, 5.6, 5.8, and 5.9) are all obtained 
by considering a Satake or generalized Satake compactification X of X, and 
removing from it a bad set Af, determined by the dynamical properties of 
sequences of elements of A, such that the action of A on A" \ AA is properly 
discontinuous. The idea of describing Af in terms of dynamics of sequences 
is inspired by [Fra05]. 

In Theorem 5.4 we define a bad set AA in a compactification X and obtain 
a properly discontinuous action on X \Af for any discrete subgroup A of G. 
This yields a manifold with corners containing A\X as a dense subset. 

For Anosov representations, the compactification X and the bad set Af can 
be chosen in such a way that the quotient A\{X\Af) is compact, providing a 
genuine compactification of M = A\Ai. Let us emphasize that the topology 
on X \ AA is induced by the inclusion into X. This is in contrast to the sit¬ 
uation of Satake compactifications of Riemannian locally symmetric spaces 
of finite volume, where one takes the union of X with a subset of X \ Ai, 
but changes the topology on the union. A combination of these two strate¬ 
gies might provide an approach to compactify Riemannian locally symmetric 
spaces of infinite volume that do not arise from Anosov representations, but 
from more general discrete subgroups. 

We apply our construction of compactifications to prove topogical tame¬ 
ness. 

Theorem 1.4. Let X = GjK he a Riemannian symmetric space, where 
G is a noncompact real semisimple Lie group and K a maximal compact 
subgroup of G. Let T be a torsion-free word hyperbolic group and P a proper 
parabolic subgroup of G. For any P-Anosov representation p G Hom(F,G), 
the Riemannian locally symmetric space p{T)\G/K is topologically tame, i.e. 
homeomorphic to the interior of a compact manifold with boundary. 

Organization of the paper. In Section 2 we introduce some notation 
and recall some basic facts on semisimple Lie groups and their parabolic sub¬ 
groups. In Section 3 we recall the notions of limit set and Anosov representa¬ 
tion, and establish some useful properties. In Section 4 we prove Theorem 4.1, 
which gives compactifications modeled on minimal Satake compactifications 
for orthogonal groups. From this, in Section 5, we deduce Theorems 1.1 
and 1.2 in full generality as well as Theorem 1.4; compactifications for com¬ 
plex orthogonal groups (Theorem 5.9) are also discussed. In Appendix A 
we give a description of Satake compactifications and a few properties of 
generalized Satake compactifications. 

Acknowledgements. We are grateful to Lizhen Ji for his interest in this 
work and for motivating discussions about it. We thank Misha Kapovich 
and Bernhard Leeb for pointing out a mistake in a previous version of the 
paper. 

2. Background on Lie groups and their parabolic subgroups 

In this section we recall some basic facts on the structure of real reductive 
Lie groups and their parabolic subgroups. 
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Let G be a real reductive Lie group with Lie algebra g. In the whole 
paper, we assume G to be noncompact, equal to a finite union of connected 
components (for the real topology) of G(R) for some algebraic group G. 


2.1. Restricted roots. Let K he a maximal compact subgroup of G, with 
Lie algebra 6, and let a be a maximal abelian subspace of the orthogonal 
complement of t in g for the Killing form a. The real rank of G is by 
definition the dimension of o. Let S be the set of restricted roots of a in g, 
i.e. the set of nonzero linear forms a € a* for which 


go; := {z € g I ad(a)(z) = {a, a) z Va £ a} 

is nonzero. (We denote by (•, •) : o* x o —)• R the natural pairing.) Let A C S 
be a system of simple restricted roots, i.e. any element of S is expressed 
uniquely as a linear combination of elements of A with coefficients all of the 
same sign. Let 

a+ := {y £ a I (a, F) > 0 Va £ A} 

be the closed positive Weyl chamber of a associated with A. The restricted 
Weyl group of o in g is the group W = NK{a)/ZK{a), where Nxia) (resp. 
Zk{(i)) is the normalize!' (resp. centralizer) of o in K. There is a unique 
element rco £ LL such that wq ■ (—o"*") = a"*"; the involution of a defined by 
Y I—>■ —wq ■ Y is called the opposition involution. The corresponding dual 
linear map preserves A; we shall denote it by 


( 2 . 1 ) 


a 

a 


a = —Wq ■ a. 


2.2. Cartan decomposition. Recall that G admits the Cartan decomposi¬ 
tion G = K exp(a^)iL: any g £ G may be written 

(2.2) g = kgOgig 

for some kg,ig £ K and a unique Og in exp(a'''), p{g) = logOg is called the 
Cartan projection of g (see [HelOl, Ch. IX, Th. 1.1]). This defines a proper, 
continuous, surjective map 

p: G ^ a+ 

called the Cartan projection, inducing a homeomorphism K\G/K ~ 0 "*“. 
The pair (kg,ig) is not unique, but is determined uniquely up to the action 
of the centralizer of p{g) in K. 

2.3. Parabolic subgroups, flag varieties and transversality. Let S+ C 

S be the set of positive restricted roots with respect to A, i.e. restricted 
roots that are nonnegative linear combinations of elements of A. For any 
nonempty subset 0 C A, we denote by Pq the normalizer in G of the Lie 
algebra ue = 0„gs+xspan{Ax0) 0«- Explicitly, 

Lie(P0) = p0 = go ® 0a © 0-Q- 

aGS+ aGS+nspan(A\6») 
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In particular, = G and Pa is a minimal parabolic subgroup of G} Any 
parabolic subgroup of G is conjugate to Pg for some 0 C A. 

The standard opposite parabolic subgroup to Pg is the normalizer P^ of 
V = 0«GS+xspan(A\0) 0-«- ^ote that P~ is conjugate to Pg*. We shall 
consider the flag varieties 

Pg = {P <Z G \ P is conjugate to Pg} ~ GjPg, 

Pg* = {P C G I P is conjugate to P^”} ~ GjPf^ ~ G/Pg*. 

Definition 2.1. A pair {P,Q) £ Pg x Pg* of parabolic subgroups of G is 
called transverse if P n Q is a reductive Lie group, or equivalently if (P, Q) 
is conjugate to {Pg,Pfj~) under the diagonal action of G. 

2.4. Example: general linear groups. Let G = GLr( 1/), where E is a 
real vector space of dimension n. We may fix a basis (ei,..., e^) of V and 
take K to be 0(n) and a to be the space of diagonal matrices in that basis: 

0 = {diag(Ai,..., A„) I Ai,..., e R}. 

Let (ei,..., En) be the standard basis of a*, i.e. (e*, diag(Ai,..., A„)) = A* 
for all i. The root system is 

S = {e* - ej I f / j, 1 < f, j < n}. 

A system of simple roots is 

A = {oj I 1 < f < n — 1}, 

where a, := e* — e^+i. The opposition involution switches a, and On-i- 
The parabolic subgroup P{a.} will be denoted P*; it is the stabilizer in 
GLr(P) of the subspace Rei 0 • • • © Re* of V. The flag variety P{q.} = 
GLR(E)/Pj identifies with the Grassmannian Grj(E) ~ Gr„_j(E*). In 
particular, P^aij identifies with the projective space P(1L) and P^an-ij 
with the projective dual space P(E*). The notion of transversality on 
Grj(P) X Gr„_j(P) from Definition 2.1 is the natural one: a pair (VLi, Wn-i) 
is transverse if and only if Wi 0 Wn-i = P- 

2.5. Example: indefinite orthogonal groups. Let 6 be a nondegenerate 
bilinear symmetric form of signature (p, q) on a real vector space V. Suppose 
that (p, q) 7 ^ (1,1) and that p > q > 0 (the case g > p > 0 is similar). Let G 
be the orthogonal group 0(6). There is a basis (ei,..., e^+g) of V such that 
for any x = Yltl XiCi and y = Ya=i 

q p 

Kx,y) = '^{pyp+q-i+l + Xp+q-i+iyi) + ^ Xiyi. 
i=l i=q-\-l 

We may take K = 0{p + q) r\ G, which is isomorphic to 0(p) x 0{q), and 
Cl '(diag( A]^,..., \q , 0,..., 0, A^f,..., Ar) | Ar,..., \q G R.}. 

Let (ei,..., Eg) be the standard basis of o*, i.e. 

(Ei,diag(Ai,...,Aq,0, ...,0,-Aq,...,-Ai)) = A* 

^This is the same convention as in [GGKWa, GGKWb], but the opposite convention 
to [GW12]. 
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for all i. The restricted root system is 


S = {±Si ±£j\l<i<j<q}U {±£i \ l<i <q] iip> q (type Bq), 
S = {±£i ± £j \ I < i < j < p] \i p = q (type Dp). 


A system of simple restricted roots is A = {ai,..., aq} where ai = £{ — ej+i 
for 1 < i < g — 1 and 


(2.3) 


{ £q if P > 

\ £q-l +£q \i p = q. 


The opposition involution fixes the simple root ai = £i — £ 2 - The parabolic 
subgroup P{ax} = P{ai}* ''^iii be denoted Pi{b)‘, it is the stabilizer in 0(6) 
of the line Rei. The opposite parabolic subgroup P^^i} stabilizer of 

Rcp+q. The flag variety P{ai} = 0(6)/Pi(6) identihes with the space of 
6-isotropic lines in V (a closed subset of P(f^)) and will be denoted Pi(b). 
A pair (£,£') of elements of Pi(b) is transverse if and only if -j- £' = V. 

Suppose p > q. For 1 < i < q, the parabolic subgroup P{ai} be 
denoted Pi(b); it is the stabilizer in 0(6) of Rei©- • -©Rej. It is conjugate to 
its opposite, P^^ }’ '''^bich is the stabilizer of Rep+g_j-|_i©- • -©Rep+g. The flag 
variety Pi{b) = 0{b)/Pi{b) is the space of 6-isotropic i-dimensional subspaces 
of V. A pair {W^W') in Pi{b) is transverse in the sense of Dehnition 2.1 if 
and only if + W’ = V. 

Suppose p = q. For 1 < i < p—1 we denote again by Pi{b) the stabilizer in 
0(6) of the 6-isotropic z-dimensional subspace Rei © ■ ■ ■ ©Rcj. For i < P-1, 
Pi{b) is P{„,} and Pp-i{b) is For any i < p, Pi{b) is conjugate to 

its opposite. The corresponding homogenous space Pi{b) is the space of 6- 
isotropic f-planes of V. Transversality is as above. The parabolic subgroups 
P{a _i} P{ap} can be viewed as stabilizers of isotropic p-planes; they are 
always conjugate under an element of 0(6). The opposition involution fixes 
Op-i and ap if p is even and exchanges them if p is odd. 


3. Divergence and Anosov representations 

In this section we recall the notion of limit set in a broad setting, as well 
as the definition of Anosov representations, and establish some properties of 
Anosov representations that will be used later in the paper. We continue 
with the notation of Section 2. 

3.1. P^-divergence and limit sets. Let 0 C A be a nonempty subset of 
the simple restricted roots of the noncompact real reductive Lie group G. As 
in [GGKWa, §5], we define a map Eg : G Pg as follows: for any g ^ G, 
we choose kg,£g G K such that g = kg exp{p{g))ig, and set 

(3.1) Se(p) = kg ■ Pe € p0 = G/Pg. 

This does not depend on the choice of kg,ig as soon as {a, p{g)) > 0 for all 
a ^ 6 (see [HelOl, Gh. IX, Cor. 1.2]). We adopt the following terminology. 

Definition 3.1. A sequence (gn) G G^ is Pg-divergent if for any a ^ 6, 

lim {a,p{gn)) =+ 00 . 

n—>-+00 
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Definition 3.2. Let A be a discrete subgroup of G. Let 0 C A be a 
nonempty subset such that A admits a P^-divergent sequence. The limit 
set of A in Tg is the set of all limits in Tg of sequences (H 5 i( 7 „))„gN 
where ( 7 ^) £ A'^ is P^-divergent. 

By [Ben97, §3.2], if A is Zariski-dense in G, then A contains 6-proximal 
elements, i.e. elements with a unique attracting fixed point in Tg, and 
is the closure of the set of attracting fixed points of these elements. 

Definition 3.3. Let L be a discrete group. A representation p : L —)• G 
is Pg-divergent if all sequences of pairwise distinct elements in p(r) are Pg- 
divergent; equivalently, for any a € 6, lim.y_j.oo(a, p(p( 7 ))) = + 00 , i.e. for 
any M > 0 the set {7 £ L | {a, fi{p{'y))) < M} is finite. 

If p : r —)• G is Pg-divergent, then it has finite kernel and discrete image. 

Remarks 3.4. (1) A particular case of Definition 3.3 was used in [GW12, 

§7.2]. The definition is equivalent to the notion of weakly Tmod- 
regular subgroup of [KLPb, Def. 5.6] where Tmod is the facet a"*" H 
naGAx 0 Ker(a) of o+. 

( 2 ) The equality (a, p(p)) = (a*, for all a £ A and p £ G implies 

that a representation p : T —)• G is Pg-divergent if and only if it is 
Pgyg*-divergent. 

(3) If p = kgexp{p{g))ig with kg,ig £ K, then Hg(p"^) = ■ P~ and 

Sg(p“^) does not depend on the choices as soon as {a, p{g)) > 0 for 
all a £ 0*. Therefore, if a sequence (jn)neN of A^ is Pg*-divergent 
and if the sequence (Hg( 7 “^))„gN converges, then its limit belongs 
to the limit set 

3.2. Anosov representations. We now suppose that T is word hyperbolic 
and denote by 9oor its boundary at infinity. The following definition of 
Anosov representations is not the original one from [Lab06, GW12], but an 
equivalent one taken from [GGKWa]. 

Definition 3.5. Let T be a word hyperbolic group. A representation p : 
T —)• G is Pg-Anosov if it is Pg-divergent and there exist continuous, p- 
equivariant maps : cIooT —)• Pg and : Sook —>• Pg* that are transverse 
and dynamics-preserving. 

By dynamics-preserving we mean that if p is the attracting fixed point of 
some element 7 £ T in SooT, then (resp. is an attracting fixed 

point of p( 7 ) in Pg (resp. Pg*). By transverse we mean that pairs of distinct 
points in SooT are sent to transverse pairs in Pg x Pg* (Definition 2.1). 

The maps and are unique, entirely determined by p. The set of 
Pg-Anosov representations is open in Hom(r, G) [Lab06, GW12]. 

Remarks 3.6. (1) By Remark 3.4. (2) (see also [GW12, Lem. 3.18]), the 

representation p : T —)• G is Pg-Anosov if and only if it is Pgyg*-Anosov. 

(2) When 0 = 0*, the two flags varieties Pg and Pg* coincide and the two 
boundary maps and of a Pg-Anosov representation are equal. 

Example 3.7. Let G = GLr,( 17) and 9 = {cij} = {e* — ffi+i}. The boundary 
maps of a Pj-Anosov representation p : T —)■ G are a pair of continuous maps 

e* = : SooT ^ Gri(R) and = T : ^ooT ^ Gr„_i(R) 
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such that 0 ^ r] ^ r]' in doo^, and such that for any 

7 G r with attracting fixed point r] in (9oor, the element p{'y) has attracting 
fixed points in Grj(y) and in Gin-iiV)- Here Pg-divergence 

means 

lim {si - ej+i, /i(/9(7))) = +oo. 

7^00 

Example 3.8. Let G = 0(6) be the orthogonal group of a symmetric bilinear 
form of signature (p, q) on a real vector space V, where p,q € N* and 
(PiQ) / (1)1)- Let 6 = {ui} = 6* where 1 < i < min(p, g); if p = q, 
we assume i ^ p and 6 = {ap_i,ap} when i = p — 1 (see (2.3)). By 
Remark 3.6. (2), for a Pj( 6 )-Anosov representation p : L —)• G there is just one 
continuous p-equivariant boundary map ^ : SooL —)• It is dynamics¬ 
preserving and satisfies ^(p)'*"*’ 0 ■^(pO = ^ p 7 ^ p' in SooL. Here 

Pg-divergence means 

lim (aj,p(p( 7 ))) = 0oo. 

7—>-CXD 

If p = g and i = p — 1, then the limit lim^_>.oo(ap, p(p( 7 ))) = 0oo is also 
part of Pg-divergence. 

For general G and 0, we shall use the following description of the limit 
set. 

Lemma 3.9. [GGKWa, Th. 5.2] If a representation p :T ^ G is Pg-Anosov 
with boundary map : SooL —>■ Pg, then = ?'*~(9cxDr). 

3.3. ^-compatibility. We shall use the following terminology from [GGKWa]. 

Definition 3.10. Let K be a finite-dimensional real vector space and 0 C A 
a nonempty subset of the simple restricted roots of G. An irreducible repre¬ 
sentation r : G —)• GLr(K) with highest weight Xt is 9-compatible if 

{a G A I (xr,a) > 0} = 0. 

The following proposition was proved in [GGKWa] for i = 1. 

Proposition 3.11. Let {t,V) be an irredueible, 9-compatible linear repre¬ 
sentation of G over R. Let be the weight space corresponding to the 
highest weight, let i =: dimR(K^^) < n =: dimR(K), and let be the 

sum of all the other weight spaces of t. 

(1) For any discrete group F and any representation p : F —)• G, 

p : F —)• G is Pg-divergent r o p : F —)• GLr,(K) is Pi-divergent. 

(2) For any word hyperbolic group F and any representation p : F —)• G, 
p : F —)• G is Pg-Anosov r o p : F —)• GLr,(K) is Pi-Anosov. 

In this case, the boundary maps : cIooL —)• G/Pg and : cIooL —>• 
GjPg of p and the boundary maps f^i : dooL —t Grj(K) and f,n-i '■ iSooL 
Gin-i{V) of Top are related as follows: for any p G SooF, i/(^^(p)7~(p)) = 
[gPe^gPg) where g £ G, then (Ci(p)7n-i(p)) = ir{g)V^\T{g)V<^^). 

Proof. Identical to the proof of [GGKWa, Prop. 4.6 & 4.8]: one just needs 
to replace [GGKWa, Lem. 4.10. (3)] with the fact (following from [GGKWa, 
Lem. 4.10.(1)&(2)]) that for any p G G, 

{oii, PGhR(V){'rig))) = min(a,pG(ff))- □ 
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The following result is an easy consequence of Proposition 3.11 with i = 1; 
we shall use it to reduce to the group 0(6) in the proof of Theorem 1.1. 

Proposition 3.12 ([GGKWa, Lem. 4.10, Prop. 6.7 & Rem. 6.9]). Let 0 C A 
he a nonempty subset of the simple restricted roots of G. Then there exist 
a nondegenerate symmetric bilinear form b on a real vector space V and a 
homomorphism t : G ^ 0(6) with the following properties: 

(1) For any discrete group P and any representation p : P —)• G, 

p :T ^ G is Pg-divergent r o p : P —)■ 0(6) is Pi (b)-divergent. 

(2) For any word hyperbolic group P and any representation p : P —)• G, 
p : P —>• G zs Pg-Anosov r o p : P —)■ 0(6) is Pi{b)-Anosov. 

There are inhnitely many such triples {p,q,T), see [GGKWa]. 

Lemma 3.13. Let b be a nondegenerate symmetric bilinear form of signature 
{p,q) on a real vector space V, where p,q & N* and {p,q) (1;1)- Let 
1 < i < min(p, q), with i < p ifp = q. Let i : 0(6) GLr(K) be the natural 
inclusion. 

(1) For any discrete group T and any representation p : T —)■ 0(6), 

p : P —)• 0(6) is Pi[h)-divergent r o p : P —)• GLr,(K) is Pi-divergent. 

(2) For any word hyperbolic group P and any representation p : P —>• 0(6), 
p : P —)• 0(6) is Pi{b)-Anosov r o p : P —)■ GLr,(K) is Pi-Anosov. 

Proof. The action of 0(6) on the exterior product /\* K is irreducible and 
Oj-compatible, and the highest weight space has dimension 1. By Proposi¬ 
tion 3.11, the representation p is Pj(6)-divergent (resp. Pj(6)-Anosov) if and 
only if /\*p : P —)• GLr(/\* 1/) is Pi-divergent (resp. Pi-Anosov). The same 
proposition, applied to the linear representation GLr,(K) —)• GLr(/\* V), im¬ 
plies that r o p is Pj-divergent (resp. Pj-Anosov) if and only if /\* p : T — 
GLr,(/\* K) is Pi-divergent (resp. Pi-Anosov). The lemma follows. □ 

3.4. The adjoint representation. For a noncompact semisimple Lie group G, 
recall that the Killing form n of the Lie algebra g is a nondegenerate indef¬ 
inite symmetric bilinear form on g. Let Ad : G —)■ 0(zt) C GLR,(g) be the 
adjoint representation. The highest restricted weight XG G S'*" of Ad is 
called the highest restricted root. In the case that G is simple, we prove the 
following. 

Proposition 3.14. Let G be a real simple Lie group. 

(1) There exists a simple restricted root ac S A such that Ad : G — 
GLR(g) is {acjOio}-compatible (Definition 3.10), i.e. 

{a e A I (xG,a) > 0} = {ocOg} 

where XG £ is the highest restricted root. Moreover, ac = C(q unless the 
restricted root system T, is of type A^. 

Let d he the real dimension of the root space g^^^. 

(2) For any discrete group P and any representation p : P ^ G, 

p : P —)■ G is P^^^'^-divergent Ad o p : P —>• 0 (k) is P(i{k)- divergent. 

(3) For any word hyperbolic group P and any representation p : P —)• G, 
p : P —)■ G is P|Q,^}-Anosor) Ad o p : P —)• 0 (k) is P(i{k)-A nosov. 
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In this case the boundary map ^ : dooH P boundary 

map : dooH of Ad o p are related as follows: for any p S 9oor, if 

^iv) = 9 ■ 9 ^G, then ^aiv) = Ad{g) ■ 

Table 1 gives the simple root ac and the highest weight XG the various 
restricted root systems, see [HelOl, Ch. X, Th. 3.28]. 


Type 

aG 

XG 

An 

ai 

£1 ~ £n+l = Q!l + • • • + 

Bn 

02 

£1 + 62 = (Ti + 2a2 + • • • + 20:^ 

Cn 

ai 

2£'i = 2q!i -!-••• + 2an—l + Ckn 

BCn 

ai 

2ei = 2 q;i + • • • -|- 2q;ji 

Dn 

Ci2 

£1 + £2 = Q:i + 2q;2 + • • • + 20:^1—2 + O-n—i + O-n 

Be 

04 

ai -j- 2q: 2 + 20:3 + 30:4 + 20:5 -|- ckg 

El 

ag 

2,0)^ 20^2 “h 30(3 4 o (4 “h 30(5 2o( 6 “h 0(7 

Es 

Oy 

2o(i “h 3 o(2 4o( 3 60(4 “h 5 o( 5 4o(0 “h 3 cXj “h 2o(g 

Ea 

ai 

2ai -|- 3 q ;2 + 4 a 3 + 2 a 4 

G2 

op 

2>ot\ 2(y.2 


Table 1. The simple root ac and the highest root XG ac¬ 
cording to the Dynkin diagram of the restricted root system 


Proof. The set {a S A | [xGi od) > 0} is the set of simple roots connected 
to the added node in the extended Dynkin diagram. The result is thus a 
consequence of the classihcation of those diagrams, see e.g. [Bou 68 , Ch. VI, 
§4, no. 3]. Since Ad is selfdual, Xg ~ XG and {a,XG) 7 ^ 0 if and only if 
{a*,XG) / 0. This proves (1). 

Let T be a discrete (resp. word hyperbolic) group and p : T —)■ G a 
representation. Proposition 3.11 implies that p is P|„(j}-divergent (resp. 
-PjoG}"Anosov) if and only if Ad o p ; T —)• GLR,(g) is P^-divergent (resp. 
Pd-Anosov). On the other hand, Lemma 3.13 implies that Adop : T —)• 0(«;) 
is Prf(K)-divergent (resp. Pd{if)-Anosov) if and only if Ad o p : T —)• GLr( 0 ) 
is P^-divergent (resp. P^^-Anosov). This proves (2) and (3). □ 

4. COMPACTIFYING RiEMANNIAN LOCALLY SYMMETRIC SPACES: THE 
CASE OF ORTHOGONAL GROUPS 

In this section we construct a compactification for Riemannian locally 
symmetric spaces arising from Pi( 6 )-Anosov representations into 0(6). 

For a nondegenerate symmetric bilinear form 6 of signature {p, q) on a 
real vector space V, the Riemannian symmetric space Xh of 0(6) admits a 
realization as an open subset in the Grassmannian Grq(V), namely as the set 
of LF G Grq(V) such that the restriction of 6 to IT X LF is negative dehnite. 
Its closure 

(4.1) Xh = {W £ Grg(V) I b{x, x)<0 Vx G LF} 

in GiqfV) is a compactification of Xi,. This compactification is isomorphic 
to a minimal Satake compactification of Xf, if p > q (see Section A. 3), and 
a generalized Satake compactihcation if p = q (see Section A. 4). The main 
result that we prove in this section is the following. 
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Theorem 4.1. Let b be a nondegenerate symmetric bilinear form of signature 
{p, q) on a real vector space V, where p,q £ N* and [p, q) 7 ^ (1,1), (2,2). Let 
T he a word hyperbolic group and /) : F —)• 0(6) a Pi{b)-Anosov representation 
with boundary map ^ : SooT —)• J-i{b). Let 

A/'p= U {W eX^\f{r,)(lW]. 

pecJooF 

Then the action of T via p on Ll = Xb \ Afp is properly discontinuous and 
cocompact. The set 12 contains the Riemannian symmetric space Xb and 
p{T)\Q. is a compactification of p{T)\Xb. 

Properness will be proved in Section 4.2 and cocompactness in Section 4.3. 

4.1. Nonpositive quadratic spaces. We establish the following elemen¬ 
tary lemma, used later in the proof of Theorem 4.1. We denote by 

Ker( 6 ) = {y \ b{x,y) = 0 Vx G 14} 

the kernel of a symmetric bilinear form 6 on a real vector space V. 

Lemma 4.2. Let b be a nondegenerate symmetric bilinear form of signature 
{p,q) on a real vector space V. Let W G Grq(14) satisfy b{x,x) < 0 for all 
x£W. 

(1) If y & W satisfies b{y,y) = 0, then y G Ker( 6 |vFxVF)- Conversely, if 
y G 14 satisfies b{y, y) = 0 and b{x, y) = 0 for all x G W, then y G W. 

(2) For any b-isotropic subspace L ofV, 

LnWfi{0}^W + L^i‘^V, and 
Lew CZ L^K 

Proof of Lemma f.2. (1) If y G VP satishes b{y,y) = 0, then b{x,y) = 0 for 
all X G W, otherwise we would have b{x + ty,x + ty) = b{x, x) + 2tb{x, y) > 0 
for certain values of t G R. 

Conversely, let y G 14 satisfy 6 (y, y) = 0 and 6 (x, y) = 0 for all x G W. 
Let i = Ry C 14. The projection Z of VP to ji is a nonpositive subspace 
in a vector space equipped with a nondegenerate symmetric bilinear form 
of signature (p — \,q — 1). Such a subspace Z has trivial intersection with 
any [p — l)-dimensional positive subspace, hence dimR,(Z) < g — 1. Since 
dimp{,(VP) = q, we deduce i eW and y G VP. 

(2) Suppose Ln VP / {0} and let y be non zero in Ln VP. Then VP C y'"*' 
by (1). As L is isotropic, C y*"'’, and one gets VP -|- L-^^ C y*"* and 
W + L^^fi V. 

Conversely, suppose VP-I-L-’-*’ 14. Let H C 14 be a hyperplane containing 

VP and and y G 14 such that y*"^ = H. By duality y ^ L and y is isotropic. 
By (1) we have y G VP, hence y G VPH L and VPH L 7 ^ {0}. The equivalence 
L C VP 44 VP C L-^^ follows from (1) as well. □ 

4.2. Proper discontinuity. Properness in Theorem 4.1 is an immediate 
consequence of Lemma 3.9 and of the following proposition with i = 1. We 
refer to Dehnitions 3.2 and 3.3 for the notions of limit set and divergent 
representation, and to Section 2.5 and Example 3.8 for the assumptions 


on 
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Proposition 4.3. Let h he a nondegenerate symmetric bilinear form of sig¬ 
nature {p,q) on a real vector space V, where p,q & N* and {p,q) 7 ^ (Ijl)- 
Let 1 < i < min(p, q); if p = q, assume that i < p. Let T he a discrete group 
and /9 : r —)• 0(6) a Pi{b)-divergent representation. Let 

K= U {W£Xb\Lnw^{0}}, 

P(r) 

where C Piih) is the limit set of p{T). Then \ Wp contains X/, and 

the action of T on X^,'^ Wp is properly discontinuous. 

In fact we prove the following very general statement. 


Proposition 4.4. Let h he a nondegenerate symmetric bilinear form of sig¬ 
nature (p, q) on a real vector space V, where p,q & N* and p q. Let T he a 
discrete group and p : T —)• 0(6) any representation with discrete image and 
finite kernel. Let 


w,= u 


IJ {»F€ Xi I {0}}, 


Tc. 


where Lp C {1,..., min(p, ( 7 )} is the set of integers i such that {ai, p{p{T))) 
is unbounded, and ^^p)^ C Pi{b) is the limit set of p{T). Then Xf, \ Wp 
contains Xf, and the action of F on Xb \ Wp is properly diseontinuous. 


Remarks 4.5. (1) Proposition 4.4 provides a bordification of A\Xb lo¬ 

cally modeled on Xb for any discrete subgroup A of 0(6). From 
this we deduce a bordihcation of A\G/K as a manifold with corners 
for any discrete subgroup A of any semisimple Lie group G (Theo¬ 
rem 5.4). 

(2) In [KL], bordifications are constructed, by a different method, for dis¬ 
crete subgroups r of a simple group G that are uniformly Tmod-f^gular 
for some facet Tmod of 0 “'“. If we write Tmod = 0 “*" O flaeAxe Ker(Q;) 
for some nonempty 9 G A, then these are the discrete subgroups F 
of G for which there exist c, C > 0 such that for any a € 6 and any 
7 e F, 

(a,A(7)) > c||/r( 7 )|| - G, 

where || • || is a fixed norm on a. In other words, F is P^-divergent 
with a linear rate of divergence. 


Recall that two points x and x' of X are said to be dynamically related 
if there exist a sequence (xn)neN in converging to x and a sequence 
( 7 n)nGN £ going to infinity (i.e. leaving every hnite subset of F) such 
that the sequence ( 7 ^ • a;,i)ngN converges to x'. Propositions 4.3 and 4.4 
are immediate consequences of the following classical dynamical criterion for 
properness (see e.g. [Fra05] for a proof) and of the following lemma. 

Criterion 4.6. A group F acts properly discontinuously on a Hausdorff 
topological space X if and only if no pairs of points of X are dynamically 
related. 
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Lemma 4.7. In the setting of Proposition 4-3, consider an arbitrary se¬ 
quence (I4^n)neN £ \ converging to some VL G X;, \ W* and 

an arbitrary Pi(b)-divergent sequence (/o( 7 n))neN G such that {Wf = 
piln) ■ W^n)neN Converges to some W' G GigiV). Then W' G W*. 


Proof of Lemma f-I- We write p{'yn) = knCLn(-n G iirexp(a^)i^. Up to ex¬ 
tracting, we can assume that the sequences {kn)n&T>i and (■^n)nGN converge 
to some koo,Ioo G K, respectively. By Definition 3.2 of the limit set (see 
Section 2.5 and Remark 3.4. (3)), 

L+ := koo ■ (Rei © • • • © Re*) and L~ := ■ (Rep+g_i+i © • • • © Rcp+g) 

belong to the limit set . The assumption Wr\L~ = {0} and Lemma 4.2 

imply that W is not contained in (L “■ (Rcj+i © • • • © Rcp+g). This 
means that there exist Woo G W and ci,..., Cp+g G R such that 

P+g 

^OO ■ Woo - ^ ^ ) 

i=i 


and (ci,..., Ci) 7 ^ 0. There is a sequence (rCn)neN G converging to Woo 
such that Wn G Wn for all n. The sequence {in-'Wn)n£'N converges to ioo'Woo- 
We write in-Wn = Ylj=i thus lim„ = Cj for any j G { 1 ,...,p + g}. 

For n G N, let be the inverse of the Euclidean norm of the vector 
(e<"^’l°g“'‘>c,,„)g=i,...,i G Rb Set := c,, for j G z} 

and n G N. Up to extracting a subsequence, the sequence of z-tuples 
{di^ni ■ ■ ■, c?i,n)neN Converges to some (di,..., di) of norm 1 in Rb Consider 
Jo G {1, •••,*} such that Cj^ 7 ^ 0, the sequence 


( 




{ej„,loga^ 


>\ _ / djo,n \ 

/nSN W. I 


' nSN 


converges to dj^/cj^ and is thus bounded. This implies that for every j > i 
the sequence (r„ Cj,n)nGN converges to zero since 




(£j,loga„) _ 


'^j,n 


= rn 


{ej„,\ogan) 






— 71 ’ 


which converges to 0 by Pj-divergence of (p( 7 n))nGN- 
We claim that the sequence (un)nGN defined by 

Vn = Tn p{ln) ' Wn G Wf, for all n G N, 

converges to Voo = ^00 ' {diCi + • • • + dicf) G L+. Indeed, 


p+i? 

kn ■ 'Cn — CnOnln ' Wn — ^ ^ CnCj^n C^n ' Cj 

i=i 

p+q i 

= ^rnC 

j=l J=1 

By the convergence of (IU)))ngN to IT', Voo belongs to W as well. Hence W 
has nontrivial intersection with L+ and belongs to W*. □ 




^{£j,log an) 


S'*. 
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Proof of Proposition 4-4- Apply Criterion 4.6 and Lemma 4.7, using the fact 
that if p : r —)• G is discrete with finite kernel, then for any sequence 
(7n)nGN £ going to infinity, up to passing to a subsequence, there exists 
i such that (p(7n))nGN is Pjoj-divergent (by properness of the map p). □ 

4.3. Compactness. We now restrict to a special class of divergent repre¬ 
sentations, namely Anosov representations (Definition 3.5). Compactness of 
p(r)\D in Theorem 4.1 is a consequence of the following general result. 

Lemma 4.8. Let b be a nondegenerate symmetrie bilinear form of signature 
{p,q) on a real vector spaee V, where p,q £ N* and {p,q) (Ijl)- Let 
1 < f < min(p, q); if p = q, assume that i < p — 1. For any word hyperbolic 
group r and any Pi[b)-Anosov representation p : L —)■ 0(6) with boundary 
map : dooP let 

Vp= U [W £Xi,\ii{g)ciW]. 

rjG^ooF 

Then the action of L on Xb \ Vp is cocompact. 

Lemma 4.8 itself is a direct consequence of Lemma 3.13. (2), of the fact 
that Xb C Grg(l/) is closed, and of the following statement. 

Lemma 4.9. Let V be a real veetor spaee of dimension n, let 1 < i < q < 
n — 1 be two integers, and let p :T ^ GLr(14) be a Pi-Anosov representation 
with boundary maps fi : cIcxdL —)• Grj(14) and f,n-i ■ dooP Gr„_j(l/). Let 

Bp= (j {W £Gt,{V)\Uv)cW}. 

Then the action ofP on Grq(l/) \ Bp is cocompact. 

The rest of this section is devoted to proving Lemma 4.9. Let us first 
introduce some notation. In a metric space {X, dx) the distance from a point 
to a set will be denoted by distx and the Hausdorff distances by Hdistx • For 
lines L,L' E P(14) with respective direction vectors v and v', we set 

dp(V/)(L,L') := I sinZ(u,i;')l. 

For W, W G Grq(14), we set 

dGr,(K)(^F, = Hdistp(p)(P(W),P(W')). 

For L G P(P), we set 

Xl := {W G Grq(P) I L C LF}. 

Note that JCg.L = g ■ ICl for all g G GLr( 14). The following identity is easily 
established: 

(4.2) distGr,(K)(fF,/Ci) = distp(p)(L,P(iy)). 

The following result is a consequence of estimates established in [GGKWa]. 

Proposition 4.10. Let V be a real vector space of dimension n, /ef p : F —> 
GLR,(y) he a Pi-Anosov representation with boundary map : cIcxdF ^ 
P(17), and let 1 < q < n — 1. Then for any rj G cIcxdF and any c > 1, there 
exist 7 G r and an open subset U of Grq{V) containing such that 

distGr,(y)(p(7) • PP,p{l) -^l) > cdistGr,(K)(kF,/C l) 
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for allW £U and L G P(V) with JCl C U. 

Proof of Proposition 4-10. Let {ei,...,en) be a basis of V so that G = 
GLR(t/) admits a Cartan decomposition G = K exp(o^)iL as in Example 2.4. 
Fix r] G SooL and let (7n)neN be a quasigeodesic ray in L converging to rj. For 
any re G N we write p( 7 n) = knOnin £ K exp(a“'")iL. Let xq = Rei G P(P)- 
By [GGKWa, Th. 1.3.(1)^(4) k Th.5.1.(l)], 

= lim kn-XQ. 

n^oo 

By [GGKWa, §5.4.1] (see the proof of Prop. 5.11 of [GGKWa], establishing 
(5.8) in Lem. 5.12), there exist <5 > 0 and G N such that for all n > N, 

limsup(ip(y)(xo, {a~^k~^kn+man) ■ xq) <1-5. 

m—>-oo 

Since a„ • xq = xq and since the metric dp(y) is invariant under £~^ G K, we 
deduce that 

dp(V)(C^ • xo,p(7n)~^ • 6 (??)) <1-5 
for all re > A^. We set 

Un = ^We GlqiV) I distp(p)(4G3,o,p(^)) < 1 - . 

By (4.2), for any L G P(K) we have 

(4.3) Kl <ZUn d-p{y){(-n^ ■ Xo,L) <1- 

Therefore, C Un for all n > N. To conclude the proof, it is 

enough to establish the following. 

Claim 4.11. For any c > 1, there exists rec G N such that for all re > Uc, 
all W G Un, and all L G P(K) with JCl F lAn, 

(4.4) distGr,(i/)(lK,/CL) > cdistGr,(i/)(/5(7n) • W,p{7n) - JCl)- 

Indeed, Proposition 4.10 follows from Claim 4.11 by setting 7 = 7 “^ and 
U = p{7n) ■ Un for re > max(A^, ric). 

We now prove Claim 4.11. It is a consequence of the following two ele¬ 
mentary estimates: 

(a) There exist e, M > 0 such that for any L' G P(K) and W' G Grq(K), if 
dp(P)(xo,L') < 1 — 5/2, then 

distp(p)(L',P(W') n Bp^v)ixo, 1 - e)) < Mdistp(p)(L',P(W')). 

(b) For any e > 0 and c' > 0, there exists re^^c' such that o.n\Bp^y^(xo i-e) 
c'-contracting for all re > re^^c'- 

Indeed, fix c > 1. For n > N, consider W Gldn and L G P(K) with JCl C Un- 
Set W = £n-W and L' = in ■ L. By (4.3), we have d-p{y){xQ^ L') < 1 — |. 
By (a) and (b), if re > then 

distp(v/)(a„ • L',an ■ P(B^')) 

<distp(y)(an • L',an ■ (P(B^') n Rp(y)(xo, 1 - e))) 

< ^ distp(p) (L', (P(IK') n Rp(p)(xo, 1 - e))) 

<cdistp(y)(L',(P(W')). 
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On the other hand, by (4.2) and the fact that the metric dGrq(y) is invariant 
under 

r distGr,(y)(Vr,/CL) = distp(v.)(L',P(W^')), 

\ distGr,j(y)(/c(7n) • W,/0(7n) • iCi) = distp(y)(an • L',an ■ P{W')). 

This concludes the proof of Claim 4.11. 

For the sake of completeness, we now give a proof of (a) and (b) above: 

(b) is a consequence of the fact that (ei — e 2 )logan) +oo (since p is Pi- 
divergent by Definition 3.5 of a Pi-Anosov representation). For (a) we argue 
by contradiction: suppose that there are sequences (em)meN £ (^> 0 )^) 

G (R>o)^, G P(P)N, and G Gr,(P)N such 

that (em)meN converges to 0, such that (Mm)meN diverges to + 00 , and such 
that for any m we have d-p(y^{xQ, L'^ < 1 — 5/2 and 

(4.5) 

distp(y)(T(„,P(lFm) n Pp(y)(xo,l - e^)) > distp(y)(L(„, P(VF,(,)). 

For any m, the left-hand side of (4.5) is < 1, hence distp(y)(L(„, P(llPj)) < 
1/Mm- Let Dm C VFm be a line such that (ip(y)(Lm, Dm) = distp(y)(Lm, P(lFm))- 
Then dp(y)(xo, Dm) < (ip(y)(xo, Tm) + dp(y)(Lm, Dm) < 1 — 5/2 -|- 1/Mm, 
and so Dm belongs to Dp(y)(xo, 1 — Cm) for large enough m, contradicting 

(4.5) . □ 

Lemma 4.9 is a consequence of Proposition 4.10 and of the following dy¬ 
namical compactness criterion from [KLPa], inspired by Sullivan’s dynamical 
characterization of convex cocompactness [Sul85] . We recall the proof for the 
reader’s convenience. 

Lemma 4.12 ([KLPa, Prop. 2.5]). Let K he a group acting by homeomor- 
phisms on a compact metric space {Z,dz) and on a compact set D. Let E 
be a closed A-invariant subset of Z fibering equivariantly over D, with fibers 
denoted by Ed, d £ D. Suppose that for any d £ D there exist an element 
7 G A, an open set U C Z containing Ed, and a constant c > 1 such that 

(4.6) distz(7 ■ ■ Ed') > cdistz( 2 :, D^') 

for all z £ U and d' £ D with Ed' C U. Then the action of A on Z \ E is 
cocompact. 

Proof of Lemma 4.12. Suppose by contradiction that the action is not co¬ 
compact, and let (en)„eN be a sequence converging to 0. For any n G N*, 
the set Cn = {z £ Z \ (l\slz{z, E) > e^} is compact, hence there exists a A- 
orbit contained in Z \ [Cn U D); by approaching the supremum of dist^ (•, D) 
on this orbit, we find an element Zn £ Z such that 0 < d\slz{zn,E) < e„ 
and 

distz (7 • Zn, E) < [1 + €n) disiz[zn, E) V 7 G A. 

Up to extracting, we may assume that (. 2 ;n)nGN* converges to some Zoo £ E, 
belonging to a fiber Ed, d £ D. Let ( 7 , U, c) be such that (4.6) holds for all 
z £ U and d' £ D with Ed' C U. For any n G N*, consider dn £ D such 
that dist ^(7 • z „,7 • Dd„) is minimal, equal to dist 2(7 • Zn, E); the sequence 
{dn)n£N* converges to d since (^;n)neN* converges to Zoo- For large enough n 
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we have C U, and so 

distz (7 ■ Zn,E) = distz(7 • ^n, 7 ' EdJ 

> cdistz{zn,Ed„) > cdistzizn,E) 


> 


■distz (7 ■ Zn,E). 


1 + Er 

This is impossible since c/(l + €„,) > 1 for large enough n. 


□ 


Proof of Lemma f.9. If i = 1, then Lemma 4.9 is an immediate consequence 
of Proposition 4.10 and Lemma 4.12 with {Z,E,D) = (Grq(I4), i3p, clooL). 
Suppose now that i is arbitrary and let r* : GLr,(IL) —)• GLr,(/\* V) be the 
homomorphism coming from the action of GLr(I 4) on the i-th exterior power 
of V. By Proposition 3.11, the representation p is Pj-Anosov if and only if 
Tj o p : P —GLr,(/\* V) is Pi-Anosov. The map 


Gt,{V) - 


VP^ 

-^f\W 



is Tj-equivariant and injective. Moreover, for E £ Grj(I4) and W £ Grq(I/) 
we have P C VP if and only \i fff E C fff W . Therefore Lemma 4.9 for p 
follows from Lemma 4.9 for r* o p with i = 1. □ 


Proof of Theorem f.l. By Proposition 4.3, the action of P on = Af, \ Mp 
is properly discontinuous since Mp = Wp for a Pi( 6 )-Anosov representation. 
As Mp = Vp, cocompactness of the action follows from Lemma 4.8. □ 


5. COMPACTIFYING RiEMANNIAN LOCALLY SYMMETRIC SPACES: 
THE GENERAL CASE 


We now use the compactification of Riemannian locally symmetric spaces 
of indefinite orthogonal groups constructed in Theorem 4.1, Proposition 4.3, 
and Lemma 4.8 to prove Theorem 1.1 in Section 5.2, Theorem 1.4 in Sec¬ 
tion 5.4, and a more precise version of Theorem 1.2 in Section 5.5. The case 
of complex orthogonal groups is investigated in Section 5.6. 

5.1. The subalgebra compactification. Let G be a real semisimple Lie 
group. It acts on its Lie algebra g via the adjoint action, preserving the 
Killing form k (see Section 3.4). As in Section 4, the Riemannian symmetric 
space Ak of the orthogonal group 0(k) admits a realization as an open subset 
in the Grassmannian Grdimt(V^)) namely as the set of VP £ Grdimf(V^) such 
that the restriction of k to VP x VP is negative definite. Its closure 

A«, = {VP £ Grdimt(0) I k{x,x) <0 Vx £ VP} 

is a compactification of A^. 

The element r 0 := V belongs to A^ C Grdim{(0) and its stabilizer in G is K. 
Thus the orbit Ad(G) • r 0 in identifies with the Riemannian symmetric 
space A = GjK. The closure A'^^“ of A ~ Ad(G) • r 0 in A^ is called the 
subalgebra compactification of A. 

Proposition 5.1 ([JL04, Th. 1.1]). The subalgebra compactification of X is 
isomorphic to the maximal Satake compactification of X. 
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We now describe representatives of the finitely many orbits G-orbits in 
For 9 C A the Lie algebra pe of Pq has nilpotent radical ug (see Section 2.3) 
and a Levi component is 

le = 00 ® 0a) 

Q:GEnspan{A\0) 

and := 6 n is a maximal compact subalgebra of Set (For 

6 = fji, one has indeed x$ = L) 

Lemma 5.2 ([JL04]). The subalgehra compactification is the disjoint 
union IJecA Ad(G) • r^. 

The kernel of the restriction of n to is precisely u^: 

Lemma 5.3. For every 9 C A, one has Ker(«;|cgxte) = ^9- Consequently a 
nilpotent element Y belongs to Xg if and only if it belongs to u^. 

Proof Since C p 0 , one has = Ker(K|pgxp 9 ) C Ker(K|tgxte)- Further¬ 
more, since the Killing form n is negative definite in restriction to t, the 
intersection Ker(A|rgxre) © tg is trivial, hence Ker(«:|jgxr 8 ) = Ug. 

A nilpotent element Y satisfies k{Y,Y) = 0, hence Y S Ker(K|i,gxre) by 
Lemma 4.2. □ 

5.2. Proof of Theorem 1.1. Let p : F —)• G be a Pg-Anosov representation. 
By Proposition 3.12, there exists a homomorphism r : G —)• 0(f)) such that 
T o p : F —>• 0(6) is Pi( 6 )-Anosov. Let Fl = Xg Mp be the set given by 
Theorem 4.1, on which T acts properly discontinuously and cocompactly via 
Top. Let xq be a point of Xg whose stabilizer in G is K, and let Y be the 
r(G)-orbit of xq: it identifies with t{G)/t{K). The closure K of T in Xg 
is a generalized Satake compactification, see Lemma A.7. The group F acts 
properly discontinuously and cocompactly via r o p on FlDY. The quotient 
M = (Top)(r)\(nny) thus gives a compactification of (rop)(r)\T(G)/T(iL). 

By compactness of the action of F on fl x via (r X Ad) o p 

is properly discontinuous and cocompact. The Ad(G)-orbit of x^ in 
identifies with X = GjK and is dense. Let Z be the (r x Ad)(G)-orbit of 
(a:o,r 0 ). By Lemma A. 8 , the closured of Z m Xg x X^^°' is a generalized 
Satake compactification of Z . By construction, it dominates the maximal 
Satake compactification of X. Lemma A.9 says that it is a manifold 
with corners. The group T acts properly discontinuously and cocompactly 
on (FI X x^^“) f]Z via (r x Ad) o p. The quotient 

((r X Ad) o p)(r)\((!d X X"^“) nz) 

gives a compactification of ((r x Ad) o p)(r)\Z ~ p(r)\A with the required 
properties. This completes the proof of Theorem 1.1. 

5.3. Domains of discontinuity in for discrete subgroups. 

Theorem 5.4. Let X = GjK be a Riemannian symmetric space where G is 
a noncompact real semisimple Lie group. For any discrete subgroup A of G 
there is a closed A-invariant subset Af of \ X such that A acts properly 
discontinuously on X^^^" xAf. In particular A\(W’^“ \ A^) is a manifold with 
corners containing A\X as a dense subset. 


TAMENESS OF RIEMANNIAN LOCALLY SYMMETRIC SPACES 


19 


Proof of Theorem 5.4- Let Ad : G —)• 0{k) be the adjoint action; it has finite 
kernel. Let A be a discrete subgroup of G and \ WacI T the set 

given by Proposition 4.4 for L = A and p = Ad, on which A acts properly 
discontinuously via Ad. The Ad(G)-orbit of identifies with A = GfK. 
The closure A*^“ of A in A^ is the subalgebra compactification. The group 
A acts properly discontinuously via Ad on H A*^“. The quotient M = 
Ad(A)\(f4nA*^“) thus is locally modeled on and contains Ad(A)\A. □ 

5.4. Topological tameness. Theorem 1.4 is now a direct consequence of 
the construction of our compactification in Theorem 1.1 and of the following 
proposition, which is proved in [GGKWb]. 

Proposition 5.5 ([GGKWb, Prop. 6.1]). Let X be a real semi-algebraic set 
and P a torsion-free discrete group acting on X by real algebraic homeomor- 
phisms. Suppose P acts properly discontinuously and cocompactly on some 
open subset LI of X. Letli he a T-invariant real semi-algebraic subset of X 
contained in LI (e.g. an orbit of a real algebraic group containing T and act¬ 
ing algebraically on X). Then the closure U of U in X is real semi-algebraic 
and T\{U H Ll) is compact and has a triangulation such that T\{dl{ H fl) is a 
finite union of simplices. IflA is a manifold, then T\iU is topologically tame. 

5.5. Compactifications modeled on the maximal Satake compactifi¬ 
cation. We now prove the following theorem, which, together with Proposi¬ 
tion 5.1, implies Theorem 1.2 in the case that G is simple. 

Theorem 5.6. Let G be a real simple Lie group. Let oq & A be the simple 
restricted root given by Proposition 3.14 (see Table 1) and d = dimR, 0 jj,Q, 
where XG L S"*" is the highest restricted root. Let T be a word hyperbolic 
group and p : P —)• G a -Arioso?; representation. Let ■ dooT —)• J~d{K) 

be the boundary map o/Ado p (see Proposition 3.14) and 

A/'p= U {W 

r^GSooF 

Then Ll := A^^^vA/), contains X = GjK and the action o/P onLl is properly 
discontinuous and cocompact. 

Proof. By Proposition 4.3, the action of P via Ad o p on Xf^ \ WAdop is 
properly discontinuous. Thus the action of P on \ (WAdop G is 

properly discontinuous. 

Let us prove that Afp = WAdop G A^^“ and that Afp does not intersect A. 
The inclusion Afp C WAdop G A'^^“ is obvious. Let now W G WAdop G A*^“, 
i.e. there is r/ € dooP such that W G fdiv) 7 ^ {0}- By Proposition 3.14 
fdiv) L Ad(G) • Lemma 5.7 implies that W ^ X, hence Afp G A = 0, 
and that fdiv) C W, i.e. W G Afp. Since VAdop G A^^“ = Afp, Lemma 4.8 
implies that the action of P on is cocompact. □ 

Lemma 5.7. LetW G A^^“ and L G Ad(G)- 0 ^Q C Grrf( 0 ). If LnW / {0}, 
then W ^ X and L C Ker(K|wxiy) C W . 

Proof of Lemma 5.7. Since the elements of L are nilpotent, the hypothesis 
implies that Ker(«;|u/xiy) / {0}, hence W ^ X. 
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By Lemma 5.2 there exist 0 C A and h ^ G such that W = Ad(/i) • Xq 
and there exists h' ^ G such that L = Ad{h') ■ Qxc Lemma 5.3 implies that 
the intersection of Ker(K|vFxVF) = Ad(/i) • Uq and L is nontrivial. We need 
to prove that L C Ad(/i) • Ug. 

The element g = h~^h' admits a Bruhat decomposition g = pwp', i.e. p 
and p' are in the minimal parabolic subgroup Pa and w belongs to Ai^(o) 
(see e.g. [Kna02, Th. 7.40]). Let w be the class oi w m.W = Nk{A)/ZK{ a). 
Thus 

L = Ad{h)M{g) • = Ad(/i)Ad(p)Ad(7Z;) • g^^^ 

(since Ad(p') • g^^ = g^^) and L = Ad{hp) ■ Qw-xc Also Ad(/i) • Uq = 
Ad{hp) ■ Uq. Hence the Lie algebra Uq has a nontrivial intersection with 
Since the root space decomposition is direct, this is possible if and 
only if Qw-xg ^0- This implies that L C Ad(/i) • Uq C W. □ 

Theorem 5.8. Let G be a real semisimple Lie group and let ^ C A be 
the set consiting of the simple restrieted roots ac given by Proposition 3.14 
(see Table 1) for all the simple factors G' of G. Let 6 C A be nonempty with 
4>n0 ^ 0. For any word hyperbolic group T and any Pg-Anosov representation 
p : T —>■ G, the Riemannian loeally symmetric space p{T)\G/K admits a 
compaetifieation modeled on the maximal Satake compaetifieation ofG/K. 

Proof of Theorem 5.8. There is a simple factor G' of G such that the projec¬ 
tion p' of p to G' is Anosov. The maximal Satake compaetifieation X 

oi X = G/K \s the product X' x X" of the maximal Satake compaetifieation 
of G' jK' and of the maximal Satake compaetifieation of the Riemannian 
symmetric space associated with the other factors of G (see Section A.l). 
By Theorem 5.6 there is an open set D! d containing the Riemannian 
symmetric space of G' such that the action of T via p on LI' is properly dis¬ 
continuous and cocompact. It follows that the action of T via p on LI' x X" 
is properly discontinuous and cocompact. □ 

5.6. Complex orthogonal groups. Let 0(6*^) be the orthogonal group of 
a nondegenerate complex symmetric bilinear form b^ on a complex vector 
space V of dimension n. 

The parabolic subgroup Pi{b^) is defined as the stabilizer of the line Cei 
where 5*"(ei, ei) =0; it is conjugate to its opposite. The homogeneous space 
= 0(6*")/Pi(6^) is the set of 6*^-isotropic complex lines in V. 

The Riemannian symmetric space of 0(6^) can be realized as a sub¬ 
set in the Grassmanian Gr^(R) of n-dimensional real subspaces of V, with 
compaetifieation 
(5.1) 

Afec ={W e Gr^(R) I b^{W X W) C R, and h^{w,w) < OVn; e W]. 

In fact 0{b^) C 0(6) where 6 = Re(6^) and there is an inclusion Xgc C 
Xb. The compaetifieation A(,c is precisely the closure of A^c in Xb. It 
is isomorphic to a minimal Satake compaetifieation if n is odd and to a 
generalized Satake compaetifieation if n is even. 

Theorem 5.9. Let b^ be a nondegenerate complex symmetric bilinear form 
on a complex vector space V of dimension n > 3, let T be a word hyper- 
bolie group, and let p : T ^ 0(6^) be a Pi[b^)-Anosov representation with 
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boundary map ^ ^ Let 

AAp= U [W ^X,a\i{p)clW]. 

rjeSooT 

Then the action ofT on LI = Xf^c \ Afp is properly discontinuous and cocom¬ 
pact. The set LI contains the Riemannian symmetric space X^c and p{T)\Ll 
is a smooth compactification of p{T)\XjjC. 

Proof of Theorem 5.9. Denote by r the natural injection of 0(6^) into 0(6) 
where 6 = Re(6*^). The representation r o p is P 2 (6)-Anosov (see Proposi¬ 
tion 3.12 and Lemma 3.13). 

By Proposition 4.3 the action of P on \ Wrop is properly discontinuous 
and thus the action of P via p on A^c \ (LVrop O A^c) is as well properly 
discontinuous. Lemma 5.10 implies that LVrop O A^c = Np. 

By Lemma 4.8 the action of P on A;, \ Prop is cocompact and thus the 
action of P via p on A^c \ (Prop H A^c) is as well cocompact. Since Pt-op n 
A^c = Np the theorem follows. □ 

Lemma 5.10. IfW& X^c then Ker(6^|vFxVF) is a C-vector subspace o/C"'. 
IfL G J'i(6‘^), thenLnW ^ {0} 4^ L C W. 

Proof of Lemma 5.10. The kernel Ker(6^|vFxlY) is a real vector space, we 
need to prove that it is stable by multiplication by \/—l. Let z G Ker(6^|u^xlT 
then b^{z,z) = 0 and b^{x,z) = 0 for all x G W. Set y = \/—\z and 
6 = Re(6‘^). One has b{y,y) = 0 and b{x,y) = 0 for all x G W. By 
Lemma 4.2, y £W and y belongs to Ker(6*^|u/xiy)- 

If LnVP / {0} then LnKer(6‘^|n/xM/) / {0} and L C Ker(6‘^|wxVF) C W 
since L has complex dimension 1. □ 

Appendix A. Satake compactifications 

A.l. Satake compactifications. In this section we briefly review the con¬ 
struction of the Satake compactification of a Riemannian symmetric space 
A = GjK, which was originally defined in [Sat60]. We denote by Tin the 
space of Hermitian (n x n) matrices over C. 

Let T : G ^ PSL(n, C) be an irreducible projective representation with 
hnite kernel. We may assume that t{K) C PSU(n). By definition, the Satake 
compactification Xj- of A associated with r is the closure in P('H„) of the 
image of A under the embedding A —)• P('R„) given by gK 1 —)■ Yi{T{g)T{g)*)^ 
where M* is the transpose-conjugate of a matrix M. 

The structure of the Satake compactihcation X^- as a G-space only depends 
on the support 

= {a G A I (xr,a) > 0} 

of the highest weight Xt of the irreducible representation r. Satake compact- 
ihcations have the following properties: 

(1) The compactihcation X^- has hnitely many G-orbits, including a 
unique open G-orbit, namely A = G/K, and a unique closed orbit, 
which identihes with G/Pg^. 

(2) If 9t' C 9t then there exists a continuous (hence proper) surjective 
G-equivariant map Tr^-y ■ Xj- —)• A,-/. 
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(3) Every Satake compactification of a product is a product of Satake 
compactifications. 

By (2), the Satake compactification Xj- for 6t = A surjects onto any Satake 
compactification Xt-> of X; it is called the maximal Satake compactihcation 
of X. On the other hand, Satake compactifications of the form X-j- for 
= 1 are called minimal Satake compactifications. The maximal Satake 
compactification of X is a manifold with corners [BJ06, Prop. 1.19.27]. The 
set 9r will be called the support of the Satake compactihcation X^- 

A. 2. Orbits description. The hnitely many orbits of a Satake compactih¬ 
cation are described by the some combinatorial data associated with the irre¬ 
ducible representation r. As our convention for parabolic groups is opposite 
to [BJ06], the terminology and description of the orbits and the stabilizers 
has to be adapted from the classical case. 

For any subset 9 C A the parabolic algebra pe is the direct sum 

p 0 = ue © ae © me 

where ae = flaeAxe Ker(a), mg = 3 t(a) © a® © 0 „esnspan{Axe) and 

= a n (ae)-’-''. The corresponding Lie groups are denoted by Uq, Aq and 
Mq. The map Ug x Aq x Mg Pg \ {u,a,m) i—>■ uam is a diffeomorphism 
and we will simply write in the sequel Pg = UgAgMg. 

A subset 9 d A will be said t- admissible if the graph with vertex sets 
(A \ 0) U {Xt} and edges between every pairs with a non zero scalar products 
is connected. (One usually says that A \ 0 is r-connected.) 

For such a subset let 0^ = {a € A | 3/3 G (A\ 0 )U{xt -}5 (a, /3) / 0} be the 
set of the elements of A being non-orthogonal to an element in (A\0 )U{xt-}. 
The set 9^ = 9(19'^ is called the r-nucleus of 9. (The usual terminology says 
that A \ 0^ is the r-saturation of A.) Note that Mgx is the almost product 
of Mg and Mgv and that these two last groups commute. 

The Satake compactihcation Xr admits the following description: 

(a) it is the disjoint union of the G-orbits of points xg over the r-admissible 
sets 9 C A] 

(b) the stabilizer of xg is the product UgtAg%Mg\i{K n Mg); in particular 
is contained in Pgf, 

(c) the orbit G ■ xg hbers over the hag manifold GjPgx = Tgx and the 
hbers are isomorphic to Mg/{K H Mg), i.e. to the Riemannian symmetric 
space associated with the reductive group Mg; 

(d) the orbit G • X 0 is the copy of the Riemannian symmetric space GjK; 

(e) the unique closed orbit is G • xa- 

In order to describe the topology on X^, it is enough to understand the 
closure of the Weyl chamber. Let {p[n)ne'N be a sequence in a^, then the 
sequence (exp(77„) • X 0 )neN converges in Xr if and only if there exists a 
r-admissible set 9 G A such that 

(i) For each a G A\0 the sequence ((a, Jij))ndH converges to some G R 
and 

(ii) for every r-admissible set 9' d 9 there exists a ^ 9 \ 9' such that 
limn^oo(a,Rn) = +00. 
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Furthermore, if H is the unique element of a® such that {a, H) = ta for all 
a £ A 9, then lim^^oo exp(Ff„) • X 0 = exp(Ff) • X 0 . 

A.3. A minimal Satake compactification of Recall that for real 
symmetric bilinear forms b, a compactification Xf, of the Riemannian sym¬ 
metric space Xf, of 0(6) was constructed in Section 4. Similarly, for complex 
symmetric bilinear forms , a compactification A^c of the Riemannian sym¬ 
metric space XjjC of 0(6*") was constructed in Section 5.6. 

Proposition A.l. Let b be a nondegenerate symmetric bilinear form of sig¬ 
nature {p, q) on a real vector space V. If p > q, then Xf, is a minimal Satake 
compactification of Xf,. 

When p = q, Xf, is not a Satake compactification, see Example A.4. 

Proof. The natural representation r : 0(6) —)• GLr,(/\'^ V) identifies Xf, with 
a subset of P(A'^ Xf, with the closure of this set in P(A^ ^)- Since 

/\^V is an irreducible representation of 0(6), the result of [Kor09] applies 
to show that Xf, is a Satake compactification of Xf, and that its support is 
{a G A I 7 ^ 0} if Xt is the highest weight of r. This support is thus 

{oq} and the compactification is a minimal Satake compactification. □ 

Proposition A.2. Let 6 *" be a nondegenerate symmetric complex bilinear 
form on a complex vector space V of dimension n. If n is odd, then Xf,c is 
a minimal Satake compactification of A^c. 

Proof. Write n = 2m 1. There is a basis (ei,...,en) of V such that 
b^{x,y) = Y17 =i for every x = y = of V. 

One can take K = U(n) and a the diagonal matrices in that basis. Namely 

Cl — {diag(Ai,..., Am, 0 , Am )•••) ^i) I £ R.}. 

For i = 1,..., m, set (e*, diag(Ai,..., Am, 0, -Am, • • •, -Ai)) = A*. The re¬ 
stricted root system is 

S = {isj ± I 1 < i < j < m} U {Xsi I 1 < i < m}. 

A system of simple restricted roots is A = {cti,..., am} where Oi = e, — 
ej+i for 1 < i < m — 1 and Om = Em- We will show that A^c satisfies 
the above axiomatic description of Satake compactification whose support is 
{om}- The admissible sets are 9o = 0, = {oi}, ..., 9m = A. One checks 

that 0Q = A, 0Q = 0 and 9f = {a ,,..., am}, 9j = {a,} for 1 < i < m. 

We first consider the orbits description of A^c. By Lemma 5.10, for any 
W G Xn,c, the set Ker{b^\wxw) is a C-vector subspace of V. Applying 
Witt’s theorem, one shows that the sets 

Hi = {W G XfjC I dime Ker( 6 *^|vyxiy) = i}, 

z = 0,... ,m, are the 0(6^)-orbits in For 0 < z < m, the real vector 

space 

— Spanj^(ei, a/—T er, • • • 5 5 ^ 2+1 ^n—ii \/ 1 (^ 2+1 ^n—i)i 

• • • ? 6772 + 2 ? a/ 1 (^m “h ^7n-\-2)i \/ ) 
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belongs to Ui and its stabilizer in 0(6^) is precisely the group U„xA„xMq)/ 

Mq.) described above and contained in the parabolic subgroup P„x- 
For an element ff in a one has 

exp(II) ■ Wog = SpanR(ei - Cn, v^(ei + Cn), 

• • • 7 6 ^ ’ ^^m+2; V^{em + e V^Cm+i). 

From this for a sequence (-ffA:)fcGN in the sequence (exp(Fffc) • VF 0 p)fcgN 

converges if and only if there exists 0 < i < m for which ((e^,-fffc))fc6N goes 
to infinity for j < i and has a limit in R for j > i. This is equivalent to 
((aj,Rfc))fcgN goes to infinity for j < i and has a limit in R for j > i. It 
follows that the closure of the Weyl chamber satisfies the above description. 

□ 

Remark A.3. For even n, the same analysis can be used to show that X^c is 
not a Satake compactification. 

A.4. Generalized Satake compactifications. The classical notion of Sa¬ 
take compactification does not behave well with respect to totally geodesic 
subspaces: If Xj- is a Satake compactification of X and if T C X is a totally 
geodesic subsymmetric space, then the closure of Y in Xq is not always a 
Satake compactification of Y. 

Example A.4. Consider a real vector space V equipped with a symmetric 
bilinear form h' of signature {p,p + 1) and let V C C' be a subspace such 
that b = b'lvxV is of signature {p,p). Then the closure of X^, inside Xy is 
not a Satake compactification. Indeed this closure is Af, which contains two 
closed 0(6)o-orbits, contradicting the above description of Section A.2. 

In order to obtain a class of compactifications which have this functori- 
ality properties we will have to consider a small generalization of Satake 
compactifications, which we call generalized Satake compactifications. The 
only difference is that we allow the representation r to be a sum of irreducible 
represent at ions. 

Remark A.5. Compare with [Sat60, §5.3], where Satake considers reducible 
representations, but then takes the closure in P('Hni) x • • • x P('Hnj,) instead 

Definition A.6. Let G be a semisimple Lie group and r : G —> SL(n, C) 
a faithful projective representation with t{K) C PSU(n). The generalized 
Satake compactification of X = G/K associated with r is the closure of the 
image of X under the map X —>• P(L^„) given by gK i—?■ 'R{T{g)T{g)*). 

Lemma A. 7. Let X = LjK he a Riemannian symmetric space, X a gen¬ 
eralized Satake compactification of X, and Y = H/[K H H) ^ X a totally 
geodesic subsymmetric space of X. Then the closure ofY in X is a general¬ 
ized Satake compactification ofY. 

Proof of Lemma A. 7. Let t : L ^ SL(n, C) be a representation with finite 
kernel such that X = X^ and let : R —>• L be the Lie group homomorphism 
associated with the embedding Y ^ X. Then the closure of Y is the gener¬ 
alized Satake compactification associated with t o : H ^ SL(n, C). □ 
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From this we deduce the following. 

Lemma A.8. Let X = G/K he a Riemannian symmetric space, ri : G —)• 
SL(ni,C) a representation with ti{K) C U(ni) and T 2 : G —)• SL(n 2 ,C) a 
representation with finite kernel and with T2 { K ) C U(n2). Let Xi , i = 1,2 
he the closure of rfiG)/rfiK) in P('Hni) so that X 2 is a generalized Satake 
compactification. Let 

fi:X —^ Ai X A 2 

• A I—^ {R{Ti{g)Tf{g)),K{T2{g)T2ig))). 

Then the closure of ip{X) is a generalized Satake compactification. 

Proof of Lemma A.8. Apply Lemma A.7 with L = SL(ni,C) x SL(n 2 ,C) 
and A = (Ti,r 2 )(G). □ 

We say that a compactihcation Xi dominates a compactification X 2 if 
there is a continuous G-equivariant map Xi —>■ X 2 , such a map is necessarly 
surjective and proper. 

Lemma A.9. Let X he a generalized Satake compactification dominating the 
maximal Satake compactification, then X is a manifold with corners. 

Proof of Lemma A.9. Let : X ^ j^ax continuous G-equivariant 

map. It is easily seen that the closure A of A the exp(a)-orbit of the base 
point xq in G/K C A is a manifold with corners. Let A^ C A be the closure 
of exp(a^) • xq. Let x be any point of X. Using the Cartan decomposition 
of G one can assume that x G A~*^. Furthermore, using the Iwasawa de¬ 
composition, one deduces that the map / : x A —>■ A is surjective in a 

neighborhood of (e, x) into a neighborhood of x. Since the corresponding 
map X V’(A) —>■ A™'^^ is a local diffeomorphism we deduce that / is also 
injective. As U/f x A is a manifold with corners, the lemma follows. □ 
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